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Basics of Bases

Warm-Up!

Try these problems before watching the lesson.

1. Rewrite 123 to show it as multiples of powers of 10.
We can rewrite 123 as 1(10%) + 2(10") + 3(10°).
2. Rewrite the number 12.34 as a common fraction.

To convert the number to an improper fraction, we must first convert the decimal to a fraction.
We set x = .343434..., which means 100x = 34.343434.... Subtracting x from 100x, we get
99x = 34, which means x = 34/99. To convert the whole number to an improper fraction, we
change 12 to 1188/99 and add to 34/99, which has a sum of 1222/99.

3. What is the sum of the solutions to the equation (2x + 3)? = 6x2 + 7x + 11? Express your answer as
a common fraction.

Vieta’s Formula would be quickest here, but let’s factor for the sake of later problems. First,
we can expand (2x + 3)?> to get 4x2 + 12x + 9. We can subtract this from both sides of the
equation given in the problem to get 0 = 2x2 — 5x + 2. We can factor this to (2x — 1)(x — 2) =
0. Therefore,2x — 1 =0o0orx—2 =0,s0 x = 1/2 or x = 2. The sum of the solutions is 5/2.

4. How many 3-digit numbers are there?

The largest 3-digit number is 999 and the smallest is 100. We subtract and then add 1 to find
that there are 900 3-digit numbers.
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Take a look at the following problems and follow

a) Convert 2335 to base 10. b) Convert 2335/, to base 10.

Solution in video. Answer: a) 68 b) 23.

Convert 254 to base 4.

Solution in video. Answer: 1,222,.

What is the product of 526 and 4367 Write your answer in base 6.

Solution in video. Answer: 4,000.

If a = .46 and b = 12.55, what is their product in base 4? Express your answer as a common
fraction.

Solution in video. Answer: % ;
4

Assuming b is positive, what is b if (13,)? = 202,?

Solution in video. Answer: 7.



Piece It Together

Use the skills you practiced in the warm-up and strategies from the video to solve the following problems.

10. What is the sum of...
a) 35 and 4247 b) 7235 and 46257

a) We will first add up the units digit which gives us 7. However, because we are in base 6,
7 = 11, or one group of 6 with a remainder of 1. We carrythe 1 and 3 + 4 + 1 = 8, which is
12¢. Therefore, our final answer is 121,.

b) We add the 3 and 2 to get 5, which is not bigger than 8, so we are fine. Then 6 + 2 = 8,
which is 10g, as there is one group of 8 with no remainder. We carry the 1 and nowdo 1 + 7
+ 4, which equals 121, or 14s. Therefore, our final answer is 1,405s.

11.  What is the product of 725 and 635? Write the number in base 6.

First, we need to find the product of the two numbers. Remember, anytime we get

a group of 8, we can carry a 1. To the right is the multiplication of the 2 numbers 72
in base 8. Notice when we multiply 3 and 7, we get 21 in base 10. However, x 63
this would be 2 groups of 8 with a remainder of 5. The same happens with the 256
product of 6 and 2, which is 12, but is 14 in base 8. After we get the two products, + 5340

we will add the two numbers. When adding, we can also carry 1 whenever we -
have a group of 8. For example, 5 and 4 would be 9 in base 10, but is 11 in base 5616
8. Now that we know our product, we must convert it to base 6. It’s easier to first

convert to base 10 and then do repeated division for base 6: 5(8)° + 6(8)> + 1(8) + 6 = 2,958
in base 10. Finally, we convert to base 6 by repeatedly dividing by 6 and writing down the
remainder as the digit, which gives us 21,410s.

12.  How many 3-digit numbers in base 6 are also 3-digit numbers in base 87

We first must realize that being the smallest 3-digit base 8 number will be the lower end of
our bound, and our upper bound is the largest 3-digit base 6 number. The smallest base 8
3-digit number is 1005 or 1(8)2, which is 64. The largest base 6 3-digit number is 555¢, which
is 5(62) + 5(6") + 5(6°) = 215. An easier way to find this would be one less than the smallest
4-digit number, which would be 1000; or 1(6°) and take 1 away. We want to know how many
3-digit numbers there are, so we take 215 — 64 and then add 1 (because we want to know
how many total numbers, not just the difference). Our final answer is 152.

13. What is b such that the product of 34, and 51, is 2,424,? Base b is a positive integer.

By transforming these into polynomials, the problem can be solved without using

much guess and check. We know the number must also be bigger than 5 as that is the
largest digit, but if it isn’t close to 5, this will take too much guess and check work. 34,
becomes 3b + 4,51, is 5b + 1, and 2,424, becomes 2b* + 4b2 + 2b + 4. We can use these
expressions to solve for b: (3b + 4)(5b + 1) = 2b + 4b2 + 2b + 4 or 15b2 + 23b + 4 = 2b% +
4b? + 2b + 4. Manipulate the equation to get 2b% — 11b2 — 21b = 0. Factoring this, we get



b(2b + 3)(b — 7) = 0. We know that b must be a positive integer, so therefore b = 7.

14. b is the smallest possible integer base for which 232, is a square number in base 10. What is the
square root of 232, expressed in base b?

With 3 being the largest digit in the number, we know b = 4. Doing some minor casework,
we find if b = 4, 232, = 46.0; if b = 5, 232, = 6710; if b = 6, 232, = 92,0; and finally, if b = 7,
232, = 12140. This means that b = 7. The square root of 121 is 11 and expressed in base 7,
we would get 14.

15. What is the smallest integer in base 10 that would have 5 digits in base 3/27?

Your first assumption may be to write 10,000;,,. However, this is not an Base 10 Base
integer! We instead do the casework on the right. Every time we get a 3/2
group of 3 in a lower digit place, we carry over 2, which is why 3 = 20;,,. 1 1
The same happens from 5 to 6. We add 1 to the units digit, which would 2 >
give us 403/, but that can’t exist because the digit is higher than 3. 3 20
Instead, we change the 4, as shown in the chart to the right, so that it is 4 21
210;/2. Also, we found that 9 is the smallest 4-digit number. If we combine 5 22
the 9 and 6, we will get a group of 3 in the 3rd digit place, which will then g 210
have us carry 2 into the 4th digit place, making it 4010, which again can’t 7 211
exist. Instead, it turns into 21,0105/, which is 15. 8 212
9 2100

Optional Extension

To extend your understanding and have a little fun with math, try the following activity.

So far, we have talked about fractional bases and positive integer bases, but there are many different types.
Let’s spend some time looking at negative bases. Keep in mind that each number must be represented in a
unique way. This means that you can't use a negative sign in a negative base number.

= Create an addition and multiplication table for base —6. What patterns do you see or what do you
notice?
= Simplify the following expressions, with all numbers in base —6:

1. 234 + 152

2. 342 + 425

3. 42 x 53

4. 123 x 45

a) When dealing with base —6, we know our largest digit possible is 5. Shown are the addition

and multiplication tables for base —6. We first notice that as soon as we try to write 6, we end up
having to write a three-digit number. This is because the third digit in base —6 is (—6)? or multiples
of 36. We must take 36 + 5(—6) to even give us 6. The second piece of information we may

notice is that as the number decreases in the second digit spot, it gets larger. The second digit is



multiples of (—6)', which means we want less negatives for a larger number. We can see that 25 is
121_¢, which is larger than 20, which is 132_¢. Yes, 121 > 132! To generalize, the odd digit spots will
increase the number and the even digit spots will decrease the number. If a number has an odd
number of digits, it is positive, and if it has an even number of digits, it is negative.

+ 1 2 3 4 S X 1 2 3 4 S
1 2 3 4 5 | 150 1 1 2 3 4 5
2 3 4 5 | 150 | 151 2 2 4 | 150 | 152 | 154
3 4 5 | 150 | 151 | 152 3 3 | 150 | 153 | 140 | 143
4 S | 150 | 151 | 152 | 153 4 4 | 152|140 | 144 | 132
5 | 150 | 151 | 152 | 153 | 154 5 5 | 154 | 143 | 132 | 121

b) Whenever we get a sum of 6, we can either carry over a 15_s, which means 5 to that digit place
and 1 to the left as well, or we can carry over a —1, as each digit place alternates between positive
and negative.

1.

234 + 152: Adding 4 and 2 gives us 6, so we will carry —1 to the next digit place. Then, 3
+ 5 + (—1) = 7. We will keep a 1 and then carry a —1, because we made 6 groups of (—6)'.
Finally, 2 + 1 — 1 = 2. Our final answer is 210_.

342 + 425: First, we add the units digit, which is 2 + 5 = 7. However, we can only keep
the 1 and carry a —1. Next, 4 + 2 + (—1) makes 5, so there is no carry. Finally, 3 + 4 = 7.
However, we can’t carry a —1 because we are at the end of our addition. Instead, looking
back at our multiplication table, we see 7 = 151_¢. Our final answer is 15,151 _.

42 x 53: We first multiply 3 and 2 to get 6, which means we will instead have a 0 for the
first digit spot and carry a —1. Next, we multiply 3 by the second digit spot, which is 4(3),
and subtract 1 for the carry. This gives us 11, which is 155_¢. Therefore, 42 multiplied by 3
is 1,550_¢. Then, we multiply 42 by 50, which first has us multiply 5 x 2 = 10. We will leave
4 and carry a —1. Next, 5 multiplied by 4 is 20. Subtract the 1 to get 19, and 19 is 131_s.
Therefore, 50 multiplied by 43 is 13,140_. Finally, we add these two numbers up: 13,140 +
1,550 = 14,530_.

123 x 45: Multiply 5 by 3 to get 15, which means leave 3 in the first digit spot and carry a
—2. Then, 5(2) — 2 = 8, which means leave 2 and carry a —1. Finally, 5(1) — 1 = 4. Therefore,
123 multiplied by 5 is 423. Next, we multiply 40 by 123. First, 4 multiplied by 3 is 12, or
leave 0 and carry —2. Then, 4(2) — 2 = 6, or leave 0 and carry —1. Finally, 1(4) — 1 = 3.
Therefore, the product is 3,000. Finally, we add the two numbers: 3,000 + 423 = 3,423_,.



